In 1996, Yang introduced variable-weight optical orthogonal code for multimedia optical CDMA systems with multiple quality of service (QoS) requirements. Let W = {w 1 , . . . , w r } be an ordering of a set of r integers greater than 1, λ be a positive integer (auto-and crosscorrelation parameter), and Q = (q 1 , . . . , q r ) be an r-tuple (weight distribution sequence) of positive rational numbers whose sum is 1. A (v, W , λ, Q
Introduction
There has been a recent upsurge of interest in applying code-division techniques to optical networks. Optical-CDMA (OCDMA) has been the important techniques for high-speed access and local area networks. Let v, k, λ a , and λ c be positive integers. A (v, k, λ a , λ c ) optical orthogonal code, or briefly an (v, k, λ a , λ c )-OOC, C , is a family of (0, 1) sequences (called codewords) of length v and weight k satisfying the following two properties: Auto-correlation property: For 0 < i < v, and X = (x 0 , x 1 , . . . , x v−1 ) ∈ C ,  0≤t≤v−1
x t x t⊕i ≤ λ a .
Cross-correlation property: For any integer i, and for X ̸ = Y , X = (x 0 , x 1 , . . . , x v−1 ) ∈ C , Y = (y 0 , y 1 , . . . , y v−1 ) ∈ C ,  0≤t≤v−1
where all subscripts here are taken modulo v so that only periodic correlations are considered. A (v, k, λ)-OOC is a (v, k, λ a , λ c )-OOC with the property that λ a = λ c = λ. A (v, k, λ a , λ c )-OOC was first introduced by Salehi, as signature sequences to facilitate multiple access in optical fibre networks [24, 25] . Since then many optimal (v, k, 1)-OOCs are constructed, see [1, [4] [5] [6] 9, 10, 12, 16, 29] for some of the examples. In [21] , it was pointed out that apart from a (v, k, λ a , λ c )-OOC with λ c = 2, 3 having much bigger cardinality than that of a (v, k, λ a , 1)-OOC, in most practical cases, (v, k, λ a , λ c )-OOCs with λ c = 2, 3 also perform better than (v, k, λ a , 1)-OOCs.
So, the construction of (v, k, λ a , λ c )-OOCs with λ c = 2, 3 are of interest. The literature holds some constructions of optimal (v, k, λ)-OOCs with λ = 2 [2, 11, 14] and even with λ > 2 [3] . The known results on the existences of optimal (v, k, λ a , λ c )-OOCs for λ c ≥ 2 are not so rich as for λ c = 1.
In 1996, Yang introduced multimedia optical CDMA communication system employing variable-weight OOCs (VWOOCs) [28] . In this CDMA system, the subscribers with different code weights will have different bit error rate (BER) performance. The codewords of low code weight can be assigned to the low-QoS applications and high code weight codewords can be assigned to high-QoS requirement applications [17] . Hence, the multi-weight property of the OOCs enables the system to meet multiple QoS requirements.
Throughout this paper, let W = {w 1 , . . . , w r } be an ordering of a set of r integers greater than 1, Λ a = (λ (1) a , . . . , λ (r) a ) be an r-tuple (auto-correlation sequence) of positive integers, λ c be a positive integer (cross-correlation parameter), and Q = (q 1 , . . . , q r ) be an r-tuple (weight distribution sequence) of positive rational numbers whose sum is 1. We give the definition of a VWOOC from [7] below.
, is a collection of (0, 1) sequences (called codewords) such that the following three properties hold: Weight distribution property: Every v-tuple in C has a Hamming weight contained in the set W ; furthermore, there are exactly q i |C | codewords of weight w i , 1 ≤ i ≤ r. Auto-correlation property: For 0 < τ < v, and X = (x 0 , x 1 , . . . , x v−1 ) in C with Hamming weight w i ,
Cross-correlation property: For any integer τ , and for
where all subscripts here are taken modulo v.
The following result was stated in [7] .
A (v, W , 1, Q )-OOC is optimal if its size meets the upper bound in Lemma 1.1. Some work has been done on the constructions of optimal (v, W , 1, Q )-OOCs (see [7, 17, 27, 28] 
The following is an example.
OOC with 40 codewords. In Section 2, we will show that C 2 is optimal.
From Example 1, one can see that it is important to construct (v, W , λ, Q )-OOC with λ ≥ 2. In the next section, brief mathematical background needed for the paper will be given, and a new upper bound for Φ(v, W , λ, Q ) will also be given.
Preliminaries
Cyclic packings play an important role in constructing OOCs (see [11, 15, 27, 29] ). Let t be a positive integer, and K a set of positive integers, each of which is greater than t. If K = {k}, we will omit the braces. A t-(v, K , λ) packing design (balanced design, respectively) with order v, block sizes from K and index λ, is a pair (X, B) , where X is a v-set and B is a collection of subsets of X (called blocks), each cardinality from K , such that every t-subset of X occurs in at most (exactly, respectively) λ blocks of B. A t-(v, k, 1) balanced design is called a Steiner system S(t, k, v). We will use this notation in Section 3.
Considering a t-(v, K , λ) packing (X, B). Let σ be a permutation on X . For any block 
The block orbit containing B is defined to be the set of following distinct blocks:
If a block orbit has v distinct blocks, i.e., its setwise stabilizer is equal to the identity {0}, then this block orbit is said to be full, otherwise short.
A collection of base blocks of a cyclic t-(v, K , λ) packing is a family of blocks each from a distinct block orbit of the cyclic
is a collection of base blocks of a strictly cyclic t-(v, K , λ) packing. Note that in [29] , a CP(K , 1; v) is used to denote a 2-SCP(K , 1; v). Similarly, one can define a t-SCBD(K , λ; v) to be a collection of base blocks of a strictly cyclic t-(v, K , λ) balanced design.
A t-(v, W , λ, Q ) packing (balanced design, respectively) is defined to be a t-(v, W , λ) packing (balanced design, respectively) with the property that the ratio of blocks of size w i is q i ,
, respectively) with the property that the ratio of blocks of size w i is q i ,
Given a block with size w i of a (λ + 1)-SCP(W , 1, Q ; v), one can construct a (0, 1) sequence of length v, whose nonzero bit positions are exactly indexed by this block. This creates a family of (0, 1) sequences C , and it is not difficult to check
For each codeword, we construct a w i -subset of Z v by taking the index set of its nonzero bit positions, where w i ∈ W . This creates a family F of subsets of Z v . From the correlation properties of the OOC, F forms a (λ + 1)-SCP(W , 1, Q ; v). The following result was stated in [27] .
An upper bound for the code size of (v, W , λ, Q )-OOCs was given in [28] , which we state below.
The upper bound in Lemma 2.2 is not tight. A new upper bound is given below.
Proof. From Lemma 2.1, we need only to count the number of blocks in a (λ 
, from each block of F i , one can obtain v distinct blocks. So, from each F i , one can obtain
, and hence
 . This completes the proof.
) be normalized. From the proof of Theorem 2.3, one can see that the upper bound for the number of
is optimal if its number of blocks meets this bound. In the next section, optimal (v, {3, 4}, 2, Q )-OOCs will be constructed.
Constructions of optimal (v, {3, 4}, 2, Q )-OOCs
In [11] , H designs were used to construct optimal (n, 4, 2)-OOCs. In [13] , H designs were used to construct cyclic 3-designs. In this section, we will also use H designs to construct (n, {3, 4}, 2, Q )-OOCs. We will use the definition in [13] .
Let n, g, t be positive integers.
, where G is a partition of a set of points X into n subsets (called groups), each of cardinality g, and B is a collection of subsets of X (called blocks), each of size w, w ∈ K , such that each block intersects any given group in at most one point, and each t-subset of X from t distinct groups is contained in a unique block.
An automorphism group of an H design (X , G , B) is a permutation group on X leaving G , B invariant, respectively. An H design H(n, g, K , t) is said to be cyclic if it admits an automorphism consisting of a cycle of length gn. All blocks of a cyclic H design can be partitioned into some orbits under Z gn . Choose any fixed block from each orbit and then call it a collection of base blocks. If the cardinality of the orbit is equal to gn, the orbit is full. Otherwise, short. If for every block B of a cyclic H design, the orbit of B under Z gn is full, then the H design is called strictly cyclic. A strictly cyclic H(n, g, W , t, Q ) is defined to be a strictly cyclic H(n, g, W , t) with the property that the ratio of blocks of size w i is q i , 1 ≤ i ≤ r. It is clear that a strictly cyclic H(n, 1, W , t, Q ) is just a strictly cyclic t-SCBD(W , 1, Q ; n). ). This completes the proof of (1). For each block B = {a, b, c, d} ∈ B 1 , one can obtain four blocks {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d}. Breaking up h blocks of size 4 in B 1 , one can obtain (2) from the 3-SCBD in (1). This completes the proof.
An S(t, k, v) is defined in Section 2. A Steiner system S(3, 4, v) is usually called a quadruple system, and denoted by an SQS(v). An SQS(v) is known (Hanani [18]) to exist if and only if v ≡ 2, 4 (mod 6). A cyclic SQS(v) is denoted by a CSQS(v), and a strictly cyclic SQS(v) is denoted by an sSQS(v).
In [11] , a recursive construction for strictly cyclic H(n, g, k, t) was given via an r-simple matrix over Z g . Let r be a positive
integer. An s × t matrix A = (a ij ) over Z g is r-simple if the difference of any two column vectors of A contains each element in Z g at most r − 1 times.
The following result is just a variant of Theorem 3.2 in [11] . For our purpose, we will give the proof. (Z u , B) be the 3-SCBD({3, 4}, 1, (q 1 , q 2 ); u) H(u, 2, {3, 4}, 3) . We need to compute Q in this design. The number of blocks with size 3 in the H design is 4|B|q 1 since |B 1 | = |B|q 1 . Similarly, the number of blocks with size 4 is 4|B|q 2 . Note that q 1 + q 2 = 1, then the parameter Q of the H design is also (q 1 , q 2 ) . This completes the proof of (1).
For (2), the conclusion can be obtained by viewing the sSQS(u) as a 3-SCBD({3, 4}, 1, (0, 1); u) . This completes the proof.
The following result was stated in [11] . 
, there exist a 3-SCBD({3, 4}, 1, ( 
, one can obtain (3). This completes the proof. 
, there exist a 3-SCBD({3, 4}, 1, ( A rotational Steiner quadruple system of order v, or briefly an RoSQS(v), as first defined in Phelps [22] , is an SQS(v) with an automorphism that consists of one fixed point and a cycle of length v − 1. It is clear that the necessary condition for the existence of an RoSQS(u + 1) is u ≡ 1, 3 (mod 6). We will use RoSQS(u + 1)s to construct variable-weight OOCs with autoand cross-correlation constraints 2. 
), one can obtain the results. This completes the proof.
The following result will be used in our construction. 
Proof. From Lemma 3.12(2), an RoSQS(u + 1) exists.
For (1), u ≡ 1 (mod 6), the conclusion comes from Theorem 3.10. For (2), if u ≡ 7 (mod 60), write u = 60a +7 = 12 ×(5a)+7. Applying (1) of this theorem with t = 5a, h = 3a(10a +1), one can get the conclusion. If u ≡ 31 (mod 60), write u = 60a + 31 = 12(5a + 2) + 7. Applying (1) of this theorem with t = 5a + 2, h = (15a + 6)(2a + 1), one can get the conclusion.
For (3), let u = 2 n − 1, then u ≡ 1 (mod 6) since n is odd. An RoSQS(u + 1) exists from Lemma 3.12 (1), the conclusion comes from Theorem 3.10. This completes the proof.
From Theorem 3.11, one can obtain the following result. For (2), if u ≡ 31 (mod 60), write u = 60a+31 = 12(5a+2)+7. Applying (1) of this theorem with h = (2a+1)(60a+18), one can get the conclusion. If u ≡ 43 (mod 60), write u = 60a + 43 = 12(5a + 3) + 7, applying (1) of this theorem with h = (2a + 1)(60a + 42).
For (3), applying Theorem 3.11 with u = 2 n − 1, the conclusion comes from Lemma 3.12. This completes the proof.
Concluding remarks
In this paper, an upper bound on the size of (v, W , λ, Q )-OOCs is given, several infinite classes of optimal (v, {3, 4}, 1, Q )-OOCs are constructed via CSQSs, sSQSs, H designs, and RoSQSs. One can obtain more (v, {3, 4}, 2, Q )-OOCs via the known results on CSQSs, sSQSs, and RoSQSs [20] . For more details on CSQSs and sSQSs, the interested readers may refer to [19] .
In [11] , 3-SCP(4, 1; v)s are constructed, and the corresponding optimal (v, 4, 2)-OOCs are obtained. To construct more (v, {3, 4}, 2, Q )-OOCs, new methods for constructing 3-SCP({3, 4}, 1, Q ; v)s need to be further studied.
